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Abstract
Recently proposed relations between the renormalization group functions of
the soft supersymmetry breaking terms and those of a rigid theory allow one to
consider a possibility of constructing a totally all loop finite N=1 SUSY gauge
theory, including the soft SUSY breaking terms. The requirement of finiteness,
which can be satisfied in previously constructed finite SUSY GUTs, imposes
some constraints on the SUSY breaking parameters which, in the leading order,
coincide with those originating from the supergravity and superstring-inspired
models. Explicit relations between the soft terms, which lead to a completely
finite theory in any loop order, are given.
PACS numbers: 11.10Gh, 11.10Hi, 11.30Pb
1 Introduction
In the recent papers [1, 2], the relations between the soft term renormalizations and
those of an unbroken SUSY gauge theory have been derived. It has been shown that
the soft term renormalizations are not independent, but can be calculated from the
known renormalizations of a rigid theory with the help of the differential operators.
The explicit form of these operators has been found in a general case and in some
particular models like SUSY GUTs or the MSSM.
As an application of the above mentioned relations we consider a possibility of
constructing totally finite supersymmetric theories including the soft breaking terms.
This problem has already been discussed several times [3, 4]. In particular, it has
been found that imposing some condition on the soft terms (see below) one can reach
complete one and two-loop finiteness. This is similar to the finiteness of the rigid SUSY
theories themselves where imposing conditions on the particle content and the Yukawa
couplings one can reach finiteness in one and two loops [5]. To go further, one has
to fine-tune the Yukawa couplings order by order in perturbation theory [6, 7, 8]. We
will show below that the same procedure works for the softly broken theory as well.
By choosing the soft terms in a proper way one can reach complete all loop finiteness.
Moreover, there is no new fine-tuning. The soft terms are fine-tuned in exactly the
same way as the corresponding Yukawa couplings.
2 Soft SUSY Breaking and Renormalization
Consider an arbitraryN = 1 SUSY gauge theory with unbroken SUSY. The Lagrangian
of a rigid theory is given by
Lrigid =
∫
d2θ
1
4g2
TrW αWα +
∫
d2θ¯
1
4g2
TrW¯ αW¯α. (1)
+
∫
d2θd2θ¯ Φ¯i(eV )jiΦj +
∫
d2θ W +
∫
d2θ¯ W¯ ,
where W α is the field strength chiral superfield defined by
W α = D
2
(
e−VDαeV
)
,
and the superpotential W has the form
W =
1
6
λijkΦiΦjΦk +
1
2
M ijΦiΦj . (2)
To perform the SUSY breaking, which satisfies the requirement of ”softness”, one
can introduce a gaugino mass term as well as cubic and quadratic interactions of the
scalar superpartners of the matter fields. They should not break a gauge invariance.
The soft SUSY breaking term satisfying these requirements can be written as [9]
− Lsoft−breaking =
mA
2
λλ+
mA
2
λ¯λ¯,
+
[
1
6
Aijkφiφjφk +
1
2
Bijφiφj + h.c.
]
+ (m2)ijφ
∗
iφ
j , (3)
1
where λ is the gaugino field and φi is the lower component of the chiral matter super-
field.
The key point in establishing the relation between the soft term renormalizations
and those of a rigid theory is the possibility to rewrite the soft terms in terms of
superfields [9]. To do this, let us introduce the external spurion superfields η = θ2
and η¯ = θ¯2, where θ and θ¯ are the grassmannian parameters [10]. The softly broken
Lagrangian can then be written as [11]
Lsoft =
∫
d2θ
1
4g2
(1− 2µθ2)TrW αWα +
∫
d2θ¯
1
4g2
(1− 2µ¯θ¯2)TrW¯ αW¯α.
+
∫
d2θd2θ¯ Φ¯i(δki − (m
2)ki ηη¯)(e
V )jkΦj (4)
+
∫
d2θ
[
1
6
(λijk − Aijkη)ΦiΦjΦk +
1
2
(M ij − Bijη)ΦiΦj
]
+ h.c.
The external spurion superfield can be considered as a vacuum expectation value of a
dilaton superfield emerging from supergravity, however, we will not explore this fact in
further discussion.
As has been shown in Ref. [2] the following statement is valid:
Statement 1 Let a rigid theory (1, 2) be renormalized via introduction of the renor-
malization constants Zi, defined within some minimal subtraction massless scheme.
Then, a softly broken theory (4) is renormalized via introduction of the renormaliza-
tion superfields Z˜i which are related to Zi by the coupling constants redefinition
Z˜i(g, λ, λ¯) = Zi(g˜
2, λ˜, ˜¯λ), (5)
where the redefined couplings are
g˜2 = g2(1 + µη + µ¯η¯ + 2µµ¯ηη¯), η = θ2, η¯ = θ¯2, (6)
λ˜ijk = λijk −Aijkη +
1
2
(λnjk(m2)in + λ
ink(m2)jn + λ
ijn(m2)kn)ηη¯, (7)
˜¯λijk = λ¯ijk − A¯ijkη¯ +
1
2
(λ¯njk(m
2)ni + λ¯ink(m
2)nj + λ¯ijn(m
2)nk)ηη¯. (8)
From eqs.(5) and (6-8) it is possible to write down explicit differentials operators
which have to be applied to the β functions of a rigid theory in order to get those for
the soft terms.
Relations between the rigid and soft terms renormalizations are summarized in the
Table.
2
The Rigid Terms The Soft Terms
βαi = αiγαi βmAi = D1γαi
βijM =
1
2
(M ilγjl +M
ljγil ) β
ij
B =
1
2
(Bilγjl +B
ljγil )− (M
ilD1γ
j
l +M
ljD1γ
i
l )
βijky =
1
2
(yijlγkl + y
ilkγjl + y
ljkγil ) β
ijk
A =
1
2
(Aijlγkl + A
ilkγjl + A
ljkγil )
−(yijlD1γ
k
l + y
ilkD1γ
j
l + y
ljkD1γ
i
l )
(βm2)
i
j = D2γ
i
j
D1 = mAiαi
∂
∂αi
−Aijk ∂
∂yijk
, D¯1 = mAiαi
∂
∂αi
−Aijk
∂
∂yijk
D2 = D¯1D1 +m
2
Ai
αi
∂
∂αi
+1
2
(m2)an
(
ynbc ∂
∂yabc
+ ybnc ∂
∂ybac
+ ybcn ∂
∂ybca
+ yabc
∂
∂ynbc
+ ybac
∂
∂ybnc
+ ybca
∂
∂ybcn
)
where to simplify the formulae, we use the following notation:
αi = g
2
i /16pi
2, yijk = λijk/4pi, yijk = λ¯ijk/4pi, A
ijk = Aijk/4pi, Aijk = A¯ijk/4pi.
3 Renormalization of the Soft Terms in SUSYGUTs
The general rules described in the previous section can be applied to any model, in
particular to a SUSY GUT. In the case when the field content and the Yukawa in-
teractions are fixed, it is more useful to deal with numerical rather than with tensor
couplings. Rewriting the superpotential (2) and the soft terms (3) in terms of group
invariants, one has
WSUSY =
1
6
∑
a
yaλ
ijk
a ΦiΦjΦk +
1
2
∑
b
Mbh
ij
b ΦiΦj , (9)
and
− Lsoft =
[
1
6
∑
a
Aaλ
ijk
a φiφjφk +
1
2
∑
b
Bbh
ij
b φiφj +
1
2
mAjλjλj + h.c.
]
+ (m2)jiφ
∗iφj,
(10)
where we have introduced numerical couplings ya,Mb,Aa and Bb.
Usually, it is assumed that the soft terms obey the universality hypothesis, i.e. they
repeat the structure of a superpotential, namely
Aa = yaAa, Bb =MbBb, (m
2)ij = m
2
i δ
i
j . (11)
Thus, we have the following set of couplings and soft parameters:
gj, ya, Mb, Aa, Bb, m
2
i , mAj .
3
Then, the renormalization group β functions of a rigid theory (1,2) look like (we assume
the diagonal renormalization of matter superfields)
βαj = βj ≡ αjγαj , (12)
βya =
1
2
ya
∑
i
Kaiγi,
∑
i
Kai = 3, (13)
βMb =
1
2
Mb
∑
i
Tbiγi,
∑
i
Tbi = 2, (14)
where γi is the anomalous dimension of the superfield Φi, γαj is the anomalous dimen-
sion of the gauge superfield (in some gauges) and numerical matrices K and T specify
which particular fields contribute to a given term in eq.(9).
To get the renormalization of the soft terms, one has to apply the formulae of the
previous section. In terms of numerical couplings they are simplified.
The renormalizations of the soft terms are expressed through those of a rigid theory
in the following way:
βmAj = D1γαj , (15)
βAa = −D1
∑
i
Kaiγi, (16)
βBb = −D1
∑
i
Tbiγi, (17)
βm2
i
= D2γi, (18)
and the operators D1 and D2 now take the form
D1 = mAiαi
∂
∂αi
− AaYa
∂
∂Ya
, (19)
D2 = (mAiαi
∂
∂αi
− AaYa
∂
∂Ya
)2 +m2Aiαi
∂
∂αi
+m2iKaiYa
∂
∂Ya
. (20)
where Ya = y
2
a.
4 Finiteness of Soft Parameters in a Finite SUSY
GUT
Consider now the application of the proposed formulae to construct totally finite softly
broken theories.
For rigid N=1 SUSY theories there exists a general method of constructing totally
all loop finite gauge theories proposed in refs. [6, 7, 8]. The key issue of the method
is the one-loop finiteness. If the theory is one-loop finite and satisfies some criterion
verified in one loop [12], it can be made finite in any loop order by fine-tuning of the
Yukawa couplings order by order in PT. In case of a simple gauge group the Yukawa
couplings have to be chosen in the form
Ya(α) = c
a
1
α+ ca
2
α2 + ..., (21)
4
where the finite coefficients can are calculated algebraically in the n-th order of pertur-
bation theory. Since the one-loop finite theory is automatically two-loop finite [5], the
coefficients ca
2
= 0.
Suppose now that a rigid theory is made finite to all orders by the choice of the
Yukawa couplings as in eq.(21). This means that all the anomalous dimensions and
the β functions on the curve Ya = Ya(α) are identically equal to zero
1.
Consider the renormalization of the soft terms. According to eqs.(15-18) and (19,20)
the renormalizations of the soft terms are not independent but are given by the differ-
ential operators acting on the same anomalous dimensions. One has either
βsoft ∼ D1γ(Y, α) = (mAα
∂
∂α
−AaYa
∂
∂Ya
)γ(Ya, α), (22)
or
βsoft ∼ D2γ(Y, α) = [(mAα
∂
∂α
−AaYa
∂
∂Ya
)2 +m2Aα
∂
∂α
+m2iKaiYa
∂
∂Ya
]γ(Ya, α), (23)
where γ(Ya, α) is some anomalous dimension.
From the requirement of finiteness
γi(Ya(α), α) = 0, (24)
the Yukawa couplings Ya(α) are found in the form (21).
To reach the finiteness of all the soft terms in all loop orders, one has to choose the
soft parameters Aa and m
2
i in a proper way. The following statement is valid:
Statement 2 The soft term β functions become equal to zero if the parameters Aa and
m2i are chosen in the following form:
Aa(α) = −mAα
∂
∂α
lnYa(α), (25)
m2i = −mAK
−1
ia
∂
∂α
αAa(α) (26)
= m2AK
−1
ia
∂
∂α
α2
∂
∂α
lnYa(α),
where the matrix K−1ia is the inverse of the matrix Kai.
This statement follows from the form of the operators D1 and D2. After substitution
of solutions (25) and (26) into D1 and D2, D1 becomes a total derivative over α and
D2 becomes a second total derivative.
Indeed, consider eq.(22). For Aa chosen as in eq.(25) the differential operator D1
takes the form
D1 = mAα
∂
∂α
− AaYa
∂
∂Ya
= mA(
∂ lnYa
∂ lnα
∂
∂ lnYa
+
∂
∂ lnα
) = mA
d
d lnα
.
1 Sometimes by a finite theory it is understood that all β functions vanish but not necessarily the
anomalous dimensions γi. However, there is no big difference and one can reach vanishing of all γi as
well [12].
5
Hence, since on the curve Ya = Ya(α) the anomalous dimension γ(Ya, α) identically
vanishes, so does its derivative
d
d lnα
γ(Ya(α), α) = 0.
The situation with the operator D2 is a bit more complicated. In this case, one has
the second derivative. However, using eq.(26) one has
D2 = (mAα
∂
∂α
−AaYa
∂
∂Ya
)2 +m2Aα
∂
∂α
+m2iKaiYa
∂
∂Ya
= (mAα
∂
∂α
−AaYa
∂
∂Ya
)2 −mA
∂Aa
∂ lnα
Ya
∂
∂Ya
+mA(mAα
∂
∂α
− AaYa
∂
∂Ya
)
= mA
d
d lnα
+m2A
d2
d ln2 α
.
The term with the derivative of Aa is essential to get the total second derivative over
α, since in the bracket the derivative α∂/∂α does not act on Aa by construction.
Like in the previous case the total derivatives identically vanish on the curve Ya =
Ya(α)
(mA
d
d lnα
+m2A
d2
d ln2 α
)γ(Ya(α), α) = 0.
The solutions (25,26) can be checked perturbatively order by order. It is not difficult
to see the general combinatoric law and to check their validity. We have done this in
two particular cases: a general finite SUSY theory with one Yukawa coupling and the
finite SUSY SU(5) GUT with 5 Yukawa couplings considered in ref. [6]. In both ther
cases the calculation has been performed up to three loops.
In the leading order eqs.(25, 26) give
Aa = −mA, m
2
i =
1
3
m2A, (27)
since
∑
aK
−1
ia = 1/3. These relations coincide with the already known ones [3] and
with those coming from supergravity [13] and supersting-inspired models [14]. There
they usually follow from the requirement of finiteness of the cosmological constant and
probably have the same origin. Note that since the one-loop finiteness of a rigid theory
automatically leads to the two-loop one and hence the coefficients ca
2
= 0, the same
statement is valid due to eqs.(25,26) for a softly broken theory. Namely, relations (27)
are valid up to two-loop order in accordance with [4]. In higher orders, however, they
have to be modified.
The parameters Mb and Bb are not specified and are finite provided eqs.(25),(26)
are satisfied. In particular GUT models, some of parameters Bb may be equal to Ab
for the reason of fine-tuning during spontaneous breaking of a GUT symmetry group.
6
5 Conclusion
Thus, we have demonstrated how one can construct all loop finite N=1 SUSY GUT
including the soft SUSY breaking terms. Remarkably that in the leading order the
relations between the soft terms coincide with those of supergravity and superstring
theory. In higher orders, however, one needs some fine-tuning which is given by exactly
the same functions as in a rigid theory.
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